Integral right triangle and rhombus pairs with a common area and a
  common perimeter by Chern, Shane
ar
X
iv
:1
60
2.
02
84
4v
2 
 [m
ath
.N
T]
  8
 M
ar 
20
16
Forum Geom. 16 (2016), 25–27.
Integral right triangle and rhombus pairs with a common
area and a common perimeter
Shane Chern
Abstract. We prove that there are infinitely many integral right triangle and θ-integral rhombus
pairs with a common area and a common perimeter by the theory of elliptic curves.
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1. Introduction
We say that a polygon is integral (resp. rational) if the lengths of its sides are all
integers (resp. rational numbers). In a recent paper, Y. Zhang [5] proved that there
are infinitely many integral right triangle and parallelogram pairs with a common area
and a common perimeter. This type of problem originates from a question of B. Sands,
which asked for examples of such right triangle and rectangle pair; see the paper of R.
K. Guy [2]. Actually, R. K. Guy gave a negative answer to B. Sands’ question, whereas
in the same paper showed that there are infinitely many such isosceles triangle and
rectangle pairs. Later in 2006, A. Bremner and R. K. Guy [1] replaced isosceles triangle
by Heron triangle and proved that such pairs are also infinite.
In this note, we consider such right triangle and rhombus pairs with more restrictions.
We say that an integral (resp. rational) rhombus is θ-integral (resp. θ-rational) if both
sin θ and cos θ are rational numbers. Our result is
Theorem 1.1. There are infinitely many integral right triangle and θ-integral rhombus
pairs with a common area and a common perimeter.
2. Proof of the theorem
We start from rational right triangles and θ-rational rhombi. Without loss of generality,
we may assume that the rational right triangle has sides (1 − u2, 2u, 1 + u2) with 0 <
u < 1, and the θ-rational rhombus has side p and intersection angle θ with 0 < θ ≤ pi/2.
Here u and p are both positive rational numbers. Now if the right triangle and rhombus
have a common area and a common perimeter, then we have the following Diophantine
system {
u(1− u2) = p2 sin θ,
1 + u = 2p.
(2.1)
Since both sin θ and cos θ are rational numbers, we may set
sin θ =
2v
1 + v2
,
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where 0 < v ≤ 1 is a rational number. Note that the case v = 1, that is θ = pi/2, was
studied by R. K. Guy in [2]. We thus only need to consider cases 0 < v < 1. Eliminating
p in (2.1), we have
2u2v2 − 2uv2 + 2u2 + uv − 2u+ v = 0. (2.2)
One readily notices that if (2.2) has infinitely many rational solutions (u, v) with 0 <
u, v < 1, then there exist infinitely many pairs of rational right triangle and θ-rational
rhombus with a common area and a common perimeter, and thus infinitely many such
(θ-)integral pairs by the homogeneity of these sides.
Now by the transformation
(x, y) =
(
−
4uv2 + 4u+ 4v − 4
v2
,−
8uv2 − 4v2 + 8u+ 8v − 8
v3
)
,
and
(u, v) =
(
−
x3 + 4x2 + 2xy − y2 + 4x+ 4y
4x2 + y2 + 16x+ 16
,
2x+ 4
y
)
,
we deduce the following elliptic curve
E : y2 − 3xy − 12y = x3 + 6x2 + 8x. (2.3)
Through Magma, we compute that E(Q) has rank 1 (generated by point P = (0, 0))
and a torsion point of order two T = (−4, 0). Note that
[4]P =
(
5920
4761
,
5576768
328509
)
leads to a solution
(u, v) =
(
552
1105
,
483
1264
)
to (2.2) satisfying 0 < u, v < 1. This solution immediately gives a right triangle with side
lengths being 1832642, 2439840, and 3051458, and a rhombus with side length being
1830985 and smaller intersection angle being arcsin(1221024/1830985). They have a
common area 2235676628640 and a common perimeter 7323940.
At last, recalling the following result due to H. Poincare´ and A. Hurwitz ([4, p. 173];
see also [3, Satz 13]):
Lemma 2.1 (Poincare´-Hurwitz). Let E be a nonsingular cubic curve in P2 which is
defined over Q. If the set E(Q) is infinite, then every open subset of P2(R) which
contains one point of E(Q) must contain infinitely many points of E(Q).
Now since [4]P gives a suitable solution to (2.2), from the map (x, y) 7→ (u, v) and
Lemma 2.1, we conclude that (2.2) has infinitely many solutions (u, v) satisfying 0 <
u, v < 1. Thus, there are infinitely many pairs of integral right triangle and θ-integral
rhombus with a common area and a common perimeter. This ends the proof of Theorem
1.1.
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